Abstract-This paper studies the fault-tolerant control problem for a class of nonlinear systems based on polynomial fuzzy model. A typical actuator fault model is presented to describe the loss of effectiveness fault in a multimode framework. The considered polynomial-fuzzy-model-based systems are more general, since the assumption that the input matrix B i (x), i = 1, . . . , p has at least one zero row, is not required any more. A polynomial Lyapunov function candidate depending on any system state is applied to design the fault-tolerant controller, in which the number of rules and membership functions can be matched or mismatched with polynomial fuzzy model. To deal with nonconvex problem, some nonlinear terms are successfully described as an index to be optimized to zero by a semidefinite programming. Compared with some published works, the resultant sum of squares based design conditions are with less computation complexity and potentially more relaxed. Using the third-party MATLAB toolbox SOS-TOOLS, simulation examples are given to illustrate the effectiveness of the new method.
I. INTRODUCTION
In the past two decades, fuzzy-model-based (FMB) control [1] has received widespread attention from researchers due to its powerful capability on modeling and controlling the nonlinear plants. As we all know, the Takagi-Sugeno (T-S) fuzzy model is such a mathematical tool that represents the nonlinear systems by smoothly connecting a set of local linear models using fuzzy membership [2] , [3] . Based on linear-matrix inequalities (LMIs) [4] , various stability analysis [5] - [9] have been obtained for T-S fuzzy systems. Compared with the results in [5] - [7] , some relaxed stability conditions were given in [8] and [9] since the information of membership functions have been introduced into the stability analysis. Besides, many approaches were proposed for controller synthesis, such as H ∞ filter in [10] , sliding observer in [11] , adaptive fault-tolerant tracking control in [12] , etc.
The polynomial fuzzy model owns a polynomial representation in the consequent part instead of a linear system. Compared with T-S fuzzy model, it may simplify the modeling process and represent a wider class of nonlinear plants. Moreover, the LMI-based stability analysis approach used for T-S fuzzy model cannot be directly applied to polynomial fuzzy model. Fortunately, sum-of-squares (SOS)-based approach has been proposed recently to deal with polynomial fuzzy model effectively, by using the third-party MATLAB toolbox SOS-TOOLS [13] . In [14] , an SOS-based stability analysis approach is proposed for polynomial fuzzy model under parallel distributed compensation (PDC) strategy, which means the fuzzy controller has the same number of rules and same membership functions with the fuzzy model. Since the PDC design concept cannot offer any design flexibility of the fuzzy controller and results in a higher implementation cost, the non-PDC design method has been paid more attention in recent years [15] - [17] . In [16] and [17] , the information of membership functions were used to derive less conservative stability conditions via piecewise-linear membership functions and polynomial approximated membership functions, respectively. Furthermore, some other problems, such as tracking control [18] and output feedback control [19] and [20] are addressed. It should be noticed that to avoid the possible nonlinear terms, the chosen polynomial Lyapunov function candidate in [14] - [20] can only rely on a part of states, which is corresponding to the zero rows of the input matrix B i (x), i = 1, . . . , p. Recently, more general polynomial Lyapunov function candidate is chosen in [21] , in which a two-step stability analysis approach is given to solve the nonconvex problem caused by the nonlinear terms. In fact, the same algorithm should be repeated again, if a satisfactory result cannot be found in the first step. Thus, this two-step approach may have too much computation burden.
In most practical safety-critical systems, such as vehicle transportation system [22] , industrial process control system [23] , flight control system [25] , etc., actuators and sensors will be subjected to faults inevitably, which may further lead to performance degraded or systems unstable. Hence, sustaining an acceptable stability/performance in fault cases has been an significant problem. Fault-tolerant control (FTC) methods can be classified into two categories: The first group is based on fault detection (FD) and isolation (FDI) mechanism and the second group is independent of fault diagnosis. For the first group, the same controller is used throughout the normal case as well as fault cases, which is easily to be implemented. However, the corresponding design conditions may become more conservative, and attainable control performance may not necessarily be satisfactory [24] . There are more fault-tolerant ability by updating controller parameters or structures for the second group. However, the possible missed detections and false alarms may occur. In the past few decades, FTC problem has been widely researched [26] - [28] . In [28] , a novel distributed adaptive protocol is developed to compensate the fault effects and the uncertainty effects for multiagent systems against constant actuator fault. Besides, the FTC problems for T-S fuzzy model were extensively investigated [29] - [33] , such as state feedback [29] , dynamic output feedback [30] , FD or FDI observers [31] - [33] , etc. The abovementioned fault-tolerant controller design methods for T-S fuzzy systems [29] - [33] are all in the framework of LMI. However, due to the existence of the polynomial, the LMI-based FTC methods for T-S fuzzy systems cannot be directly applied to polynomial fuzzy systems. To our best knowledge, up to now, there are no results about FTC for the polynomial fuzzy model, which motivates the current study.
The main objective of this paper is to design a passive fault tolerant controller for nonlinear systems against actuator faults based on the passive FTC approach. First, the considered nonlinear systems are described by a polynomial fuzzy model, in which the assumption that the input matrix B i (x), i = 1, . . . , p has at least one zero row is not required any more. The loss of effectiveness actuator fault is presented in a multimodel framework. Furthermore, an SOS optimization approach is introduced to deal with the nonlinear term by describing it as an index and finding the zero optimum of the index so as to convert the nonconvex problem into a semidefinite programming (SDP). Thus, more general polynomial Lyapunov function candidate, depending on any system state, can be applied to design the fault-tolerant controller with mismatched premise membership functions. In addition, when there is no fault, the above results can be reduced to the stability analysis of the polynomial fuzzy control systems with arbitrary input matrix. Two examples are given to illustrate the effectiveness of the proposed SOS-based FTC approach.
Notation: The following notations are employed throughout the paper [34] . A monomial in x(t) = [x 1 (t), . . . , x n (t)]
T is of the fol-
, where a j is a real coefficient and q j (x(t)) is a monomial. A polynomial p(x(t)) is called SOS if it can be written as p(
2 , where Q j (x(t)) is a polynomial, and m is a positive integer. Thus, it is obvious that p(x(t)) ≥ 0 if it is an SOS. The expressions of M > 0, M ≥ 0, M < 0, M ≤ 0 denote the positive-, semipositive-, negative-, and seminegative-definite matrix M , respectively.
II. PROBLEM STATEMENTS AND PRELIMINARIES
A polynomial fuzzy model, whose the ith fuzzy rule can be described as
where M i α is a fuzzy term of the rule i corresponding to the premise variable f α (x(t)), α = 1, 2, . . . , s, i = 1, 2, . . . , p, s and p are positive integers. x(t) ∈ R n is the system state vector,x(x(t)) ∈ R N is a vector of monomials in x(t), u(t) ∈ R m is the control input vector, A i (x(t)), B i (x(t)) are the known polynomial systems and input matrices, respectively. It is assumed thatx(x(t)) = 0 if and only if x(t) = 0.
Remark 1: In [14] - [20] , there is a potential assumption that B i (x(t)) should have one zero row at least. While in this paper the input matrix B i (x(t)) can be arbitrary, which will enhance the faulttolerant ability and truly widen the applicability of the FTC approach for polynomial fuzzy systems.
The dynamic of the system is given aṡ
is the grade of membership corresponding to the fuzzy term M i α . The actuator fault is described as follows in a multimode framework, which is adopted from [26] . Denote u F j h (t) as the output signal from the jth actuator that failed in the hth faulty mode and u j (t) represents the input signal of the jth actuator.
where ρ h j (t) is an unknown faults, the index h denotes the hth faulty mode and L is the number of total faulty modes. Let u
The following fault set with L * 2 c elements is defined:
For every possible faulty mode L, the actuator fault model is exploited in a unified form:
For brevity, in the following analysis, the time t associated with the variable is dropped for the situation without ambiguity, e.g., x(t), u(t), and ρ(t) are denoted as x, u, and ρ, respectively.
The dynamic with actuator fault model (4) is described bẏ
The control objective is to design a fault-tolerant controller for the polynomial FMB (PFMB) system (5), such that the asymptotically stability can be guaranteed in both normal and actuator faults cases.
III. FAULT-TOLERANT CONTROLLER DESIGN VIA STATE FEEDBACK
In this section, we shall investigate the fault-tolerant controller design problem of the PFMB fault system (5) using the SOS-based optimization approach against actuator faults.
Let c is the number of inference rules, and the jth fuzzy rule of the polynomial fuzzy controller is described as
where H j β is the fuzzy term of rule j corresponding to the function g β (x), β = 1, . . . , ϕ, j = 1, . . . , c, ϕ, c are all positive integers. G j (x) ∈ R m ×N are the polynomial feedback gains to be determined. The polynomial fuzzy controller is given as follows:
where
for any j. m j (x)) is the normalized grade of membership, and μ N j β (g β (x)) is the grade of membership corresponding the fuzzy term
The closed-loop PFMB fault control system is obtained as follows:
Furthermore,x(x), w i (x), and m j (x) are denoted asx, w i , and m j , respectively.
Denote
, where M(x) is an N × n polynomial matrix whose (i, j)th entry is given by
Theorem 1: The PFMB fault system (8) consisting of (2), (4), and (7) is guaranteed to be asymptotically stable if there exist an N × N symmetric polynomial matrix P(x), m × N polynomial matrix K j (x), nonnegative polynomials ε 1 (x) and ε 2 ij (x), i = 1, . . . , p, j = 1, 2, . . . , c which are predefined and satisfy ε 1 (x) > 0 for x = 0 and ε 2 ij (x) ≥ 0 for all x, respectively, such that the following SOS-based conditions are satisfied for all
is an arbitrary vector independent of x and
. All unknown polynomial matrices are calculated by SOSTOOLS and the feedback gains are defined as
With the assumptionx = 0 if and only if x = 0, the stability of the PFMB fault control system (9) implies that of (8) . The more general polynomial Lyapunov function candidate is chosen to investigate the system stability of (9):
where 0 < P(x) < P(x) T ∈ R N ×N is a polynomial matrix depending on any state of the system. From (9) and (10), the time derivative of V(x) along the closed-loop trajectories is given aṡ
Based on the [24, Lemma 3.1], it followṡ
, the above equality can be converted into the following onė
Based on the Lyapunov stability theory, it is easy to see that if the conditions in Theorem 1 hold, then V(x) > 0 andV(x) < 0 (excluding x = 0), which implies the asymptotic stability of (9) .
Remark 3: In [14] - [20] , the chosen Lyapunov function candidate P(x) only relies on the system statesx, whose corresponding row in B i (x) are zeros. Thus, some conservative results are obtained.
Remark 4: In fact, the SOS condition −v T (Q ij (x) + ε 2 ij (x))v in Theorem 1 is not convex, since the nonlinear term
. Thus, convex programming techniques cannot be employed to find a feasible solution for Theorem 1. Moreover, a simultaneous search for such P(x) and K j (x) is hard.
Next, an SOS optimization approach [24] will be given in Theorem 2 to convert Theorem 1 into a tractable SDP. Based on the SOS conditions, a vector is defined as φ(
Based on the Schur complement, the following matrix inequality is given
Thus, it is known that if the minimum of γ i is zero, then φ(x)B i (x) = 0 and the nonlinear term is eliminated.
Theorem 2: The PFMB fault system (9) consisting of (2), (4), and (7) is guaranteed to be asymptotically stable if there exist N × N symmetric polynomial matrix P(x), m × N polynomial matrix K j (x), nonnegative polynomials ε 1 (x) and ε 2 ij (x), i = 1, . . . , p, j = 1, . . . , c which are predefined and satisfy ε 1 (x) > 0 for x = 0 and ε 2 ij (x) ≥ 0 , for all x, respectively, such that for all ρ ∈ H ρ h , h = 1, . . . , L the following SOS optimization problem has zero optimum:
The feedback gains of fault-tolerant controller (7) are obtained by G j (x) = K j (x)P(x) −1 . Proof: Combining Theorem 1 with matrix inequality (15), Theorem 2 can be easily proved.
Remark 5: If the optimal value is not zero in Theorem 2, the nonlinear term cannot be eliminated totally. For those nonzero γ i , we give the following discriminant condition (16) to ensureV(x) < 0, which can still be used to guarantee the asymptotic stability of (9) . That is,
In fact, based on (16) and Hölder's inequality, it follows
, which further indicatesV(x) < 0. Here the v and u(t) are obtained by Theorem 2. Notice that if the optimal value of γ i , i = 1, . . . , p is zero, (16) is obviously satisfied.
Remark 6: Recently in [21] , the constraint that B i (x) has at least one zero row, has also been removed by a two-step approach. However, in [21] the nonlinear terms
ignored first to find a feasible solution of G j (x). Then in the second step, searching for a feasible solution of P(x) with the obtained G j (x), which may cause some conservativeness. Moreover, if the feasible solution cannot been found in the first or second step, the number of rules and membership functions for the polynomial fuzzy controller should be changed and the two-step method should be repeated again. That is to say, the two-step design method in [21] may have some computation time and burden, compared with the proposed one-step method in Theorem 2 of this paper.
IV. SIMULATION EXAMPLES
In this section, two simulation examples are provided to illustrate the validity of the proposed methods.
Example 1: Inverted Pendulum
An inverted pendulum on a cart is adopted from [6] :
where x 1 (t) and x 2 (t) are the angular displacement and the pendulum angular velocity, respectively; g = 9.8 m/s 2 is the acceleration of gravity; a = 1/(m p + M c ) in which m p = 2 kg, M c = 8 kg are the mass of the pendulum and the cart, respectively; L = 0.5 m, 2L is the length of the pendulum.
According to [20] , the inverted pendulum can be described by a 2-rule polynomial fuzzy model with the parameters being that
Here, Choose ε 1 (x) = 0.0001, ε 2 ij (x) = 0.0001, and the degrees of K j (x) and P(x) are all 2. The corresponding polynomial feedback gains G 1 (x) and G 2 (x) can be obtained by using the third-party MATLAB toolbox SOSTOOLS and Theorem 2. Meanwhile, the optimal value are obtained as γ 1 = 1.613 × 10 −5 , γ 2 = 1.613 × 10 −5 . It can be easily proved that γ i , i = 1, 2 satisfy the discriminant condition (16) . Thus, the designed 2-rule polynomial fuzzy controller can stabilize the inverted pendulum system in theory. As it is reported in [20] , the operating domain of the polynomial fuzzy model for inverted pendulum system is x 1 (t) ∈ [− , 0] T . The corresponding states responses curves are given in Figs. 1 and 2 , which show that the nonlinear system can be stabilized by the designed polynomial fuzzy controller. Compared with the two-step methods in [21] , the SOS optimization approach given in this paper only uses one step and reduces much computational burden and time.
Example 2: Numerical Example A 3-rule polynomial fuzzy model (2) is considered with the following system parameters: , w 2 
It should be noticed that the methods in [14] - [17] cannot be used since the input matrices have no zero rows for this example. The twostep design method in [21] is also invalid. If the degrees of X(x), K j (x), and P(x) are chosen as 0, 2, and 2, which is the same as those in [21] , no feasible solution can be found in the first step. On the other hand, if we choose the degrees of X(x), K j (x), and P(x) are all 2 or more as stated in the theory part, there is no feasible solution in the second step because of the complex of the adjoint matrix of the X(x).
Furthermore, to demonstrate the fault-tolerant ability of our design method, the following four fault modes are considered:
N ormal mode: Both of the two actuators are normal, that is, ρ For all normal and fault cases, the degrees of K j (x) and P(x) are 2. We choose ε 1 (x) = 0.00001 and ε 2 ij (x) = 0.0001. Form Theorem 2, a feasible solution to the SOS-based design conditions can be searched by the third-party MATLAB toolbox SOSTOOLS. Moreover, the optimal values are obtained as γ i = 0.001, i = 1, 2, 3. It can be verified that γ i , i = 1, 2, 3 satisfy the discriminant condition (16) .
In the simulation, the following fault case is considered: At 0.5 s, the first actuator becomes loss of 60 effectiveness, and then the second actuator becomes loss of 40 effectiveness at 1 s. Figs. 3 and 4 show the system states responses in normal and fault cases, respectively, with the initial condition x(0) = [0, −1] T , which further demonstrate that our fault-tolerant controller can stabilize this PFMB system in both normal and fault cases just as theory has proved.
V. CONCLUSION
The fault-tolerant controller design problem for PFMB systems with arbitrary input matrix has been investigated based on the SOS optimization approach. The actuator outage and loss of effectiveness fault are considered. Here, the polynomial fuzzy controller is allowed to have its own set premise membership functions. A more general polynomial Lyapunov function candidate is chosen, which may rely on any state variable. By describing the nonlinear term as an index and finding the zero optimum of the index, SOS-based design conditions have been obtained. Compared with some published results, the proposed controller design method has advantages, such as easily implement, less computation burden, and application for a wider class of nonlinear systems. Finally, two simulation examples have been given to illustrate the effectiveness and superiority of the proposed PFMB FTC approach. In the future, an interesting topic is to adopt the active fault-tolerant method to deal with more complex faults of the polynomial fuzzy systems.
